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SYNOPSIS 

A criterion for the choice of the monomer partition model in mathematical modeling of 
emulsion copolymerization systems is presented. In order to develop this criterion, seeded 
emulsion copolymerizations of several monomer systems with a wide variety of reactivity 
ratios and water solubilities were simulated using monomer partition models of different 
complexity. The simulations included different processes, solids contents, and amounts of 
seed. The criterion for the choice of the monomer partition model was made on the basis 
of using the simplest but sufficiently accurate model. 0 1995 John Wiley & Sons, Inc. 

INTRODUCTION 

In bulk and solution polymerizations, reactions oc- 
cur in a single homogeneous phase. However, in 
emulsion polymerization, several phases can be 
present in the reactor: micelles, monomer droplets, 
polymer particles, and the dispersion medium. Con- 
sequently, the polymerization progress depends on 
the kinetic constants and on the concentration of 
the reactive species in the polymerization loci. In 
order to accurately describe emulsion polymerization 
systems by means of mathematical models, it is of 
paramount importance to implement a reliable pre- 
diction of monomer concentration in the different 
phases. The values of the concentrations and con- 
centration ratios of monomers in the latex particles 
are key parameters in determining the polymeriza- 
tion rate, the copolymer composition, and the poly- 
mer structure. The monomer concentration in the 
polymer particles may also influence the rate of free- 
radical exit from latex particles, which in turn in- 
fluences the rate of polymerization. 

Under most circumstances, the rate of mass 
transfer of monomer between the different phases 
of the system is high enough for thermodynamic 
equilibrium of monomers between phases to be 
achieved. 
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For the estimation of the monomer concentration 
in the different phases under thermodynamic equi- 
librium conditions, the equilibrium equations have 
to be solved together with the material balances. 
While the material balances give rather general 
equations, several types of equilibrium equations can 
be used: Morton  equation^,'^^ semiempirical equa- 
tions based on simplifications of the Morton equa- 
t i o n ~ , ~ - ~  and equations based on constant partition 
coefficients. 

For emulsion homopolymerization systems, Mor- 
ton et al.' developed a model based on the classical 
Flory-Huggin~~.~ lattice theory for monomer-poly- 
mer mixtures. The model includes an interfacial en- 
ergy term and states that the increase in surface 
energy on swelling compensates for the free energy 
gain of mixing. Guillot2 extended the thermody- 
namic monomer partitioning treatment of Morton 
to describe the monomer distribution during emul- 
sion copolymerization by introducing interaction 
terms for the monomers. The equations are pre- 
sented in Appendix I. This approach was used not 
only for the polymer particles, but also for the 
aqueous and monomer phases. However, Ugelstad3 
stressed the questionable use of the Flory-Huggins 
model for evaluating the free energy of mixing for 
molecules that are neither chain like nor very dif- 
ferent in size. In this case, the equations derived 
from the Flory-Huggins theory are semiempirical 
relationships, and the parameters involved are 
transformed into adjustable coefficients. To over- 
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come this problem when monomers of limited sol- 
ubility in water are utilized, Henry's law can be em- 
ployed to model the droplets-aqueous phase equilib- 
rium: even in the presence of polymer  particle^.^-^ 
In spite of these limitations, Morton's extension of 
the Flory-Huggins theory for polymeric solutions 
has been widely used to estimate the concentrations 
of the monomers in emulsion copolymerization sys- 
tems. References that were used in this study10-20 
are just a few examples of its application for the 
modeling and control of emulsion copolymerization 
systems. 

The thermodynamic equations provide the most 
complete description of the swelling of polymer par- 
ticles with monomers, but include a rather large 
number of parameters whose accurate estimation 
requires extensive work. 

Maxwell, German, and  coworker^^-^ presented a 
semiempirical approach, valid for monomers of lim- 
ited solubility in water, where the swelling of latex 
particles with monomers is calculated from the sat- 
uration swelling concentration of the homopolymers. 
This approach does not include any parameter, but 
experimental values of the saturation swelling vol- 
ume fraction of the homopolymers are needed. This 
approach accounts for the following experimental 
evidence: during intervals I and 11, the monomer 
ratio in the latex particles is equal to the monomer 
ratio in the droplets; the relationship between the 
concentration of monomer in the aqueous and the 
droplet phases obeys Henry's law for partially water 
soluble monomers, both in the absence and presence 
of monomer swollen latex particles; the overall con- 
centration of monomer in the latex particles is ap- 
proximately a linear function of the fraction of the 
monomers in the droplet phase; the partition coef- 
ficient between polymer particles and the aqueous 
phase does not remain constant, but decreases dur- 
ing interval I I I . ~ , ~ , ~ ~ - ~ ~  

Most of the computer time required to solve the 
mathematical models in emulsion polymerization 
systems is devoted to the calculation of the monomer 
partitioning. This becomes critical for on-line con- 
trol in emulsion polymerization  reactor^.^^,^^ The 
computational effort increases with the complexity 
of the equilibrium equations, namely, equations 
based on monomer partition coefficients are easier 
to solve than those of the Maxwell model, which are 
easier to solve than those based on the Flory-Hug- 
gins theory. In addition, the number of unknown 
parameters, and hence the number of experiments 
required for their estimation, is much larger for the 
Morton model than for the other models. On the 
other hand, a rule of the thumb, well known among 

emulsion polymerization practitioners, is that the 
monomer concentration ratio in the polymer par- 
ticles is, for practical uses, equal to that in the 
monomer droplets, and hence approximately equal 
to the average monomer concentration ratio in the 
reactor. This kind of practical knowledge seems to 
discourage the inclusion of complex monomer par- 
titioning models in the mathematical modeling of 
emulsion polymerization systems. However, there is 
considerable experimental evidence that, for some 
systems, monomer partitioning affects the copoly- 
mer composition.26-28 

Taking into account the considerable effort 
needed to estimate the parameters of the equilibrium 
equations and the large amount of computer time 
required for the calculation of the monomer parti- 
tioning, it would be interesting to have available a 
criterion of the level of complexity of the monomer 
partition equations that must be included in the 
mathematical model of a given emulsion polymer- 
ization system to achieve accurate model predictions. 

In the present work, an attempt to develop such 
a criterion by mathematical simulation is made. 
Seeded emulsion copolymerizations of four monomer 
systems with a wide variety of reactivity ratios and 
water solubilities were considered butyl acrylate 
(BuA)/styrene (St); vinyl acetate (VAc)/methyl ac- 
rylate (MA); VAc/BuA, and St/methacrylic acid 
(MAA). The effect of the complexity of the monomer 
partition equations, type of process, solids contents, 
and amount of seed on the time evolution of the 
conversion and copolymer composition was inves- 
tigated. 

S I MU LATlO N S 

The copolymer systems studied were: 

1. BuA/St: Sparingly water soluble monomers 
(BuA = 0.14 g/100 g of water; St = 0.06 g/ 
100 g of water), with different reactivity ratios 

2. VAc/MA: Rather water soluble monomers 
(VAc = 2.5 g/lOO g of water; MA = 5 g/100 
g of water), the more water soluble being the 
more reactive ( rvAc  = 0.1; rMA = 9). 

3. VAc/BuA: Monomers of different water sol- 
ubilities (VAc = 2.5 g/lOO g of water; BuA 
= 0.14 g/lOO g of water), the more soluble in 
water being the less reactive (rVAc = 0.037; 

4. St/MAA One sparingly water soluble mono- 
mer (St = 0.06 g/100 g of water) and one 

(rB"A = 0.2; rst = 0.75). 

rBuA = 6.35). 



MATH MODELING OF EMULSION COPOLYMERIZATION SYSTEMS 10 19 

completely water soluble monomer (MAA) 
with different reactivity ratios (rSt = 0.25; 
r M A A  = 0.55). 

The following seeded emulsion copolymerization 
processes were considered 

1. batch emulsion polymerization; 
2. semicontinuous “starved” emulsion poly- 

merization. In this context, starved means 
that both monomers were fed slowly into the 
reactor and, after some monomer accumu- 
lation in the reactor, an equilibrium between 
monomer feed rate and polymerization rate 
was achieved; 

3. semicontinuous optimal “semistarved” 
emulsion polymerization. In this process the 
reactor is initially charged with all the less 
reactive monomer plus the amount of the 
more reactive monomer needed to initially 
form a copolymer with the desired composi- 
tion; the remaining monomer is added at  a 
flow rate that ensures the formation of a co- 
polymer of constant composition.’3J7~29~30 

Solids content should have a significant effect on 
the monomer partitioning, therefore different solids 
contents were considered in the simulations: 

1. low solids contents (10 wt %), often used in 
basic kinetic studies;31 

2. medium solids content (30 wt %). Most of 
the fundamental studies reported in the open 
literature are in this 

3. high solids content (55 wt %), representative 
of the solids content used in industrial prac- 
tice. 

Furthermore, the influence of the amount of seed 
was analyzed. The initial seed/total monomer ratio 
was modified between 0.03 and 0.15 (the smallest 
amount of seed polymer was included in an attempt 
to simulate a case close to unseeded emulsion po- 
lymerizations but avoiding the use of a nucleation 
model). 

The models used to calculate the monomer par- 
tition are given in Appendix I and include: the Mor- 
ton extension of the Flory-Huggins t h e ~ r y , ~  the 
semiempirical approximation by Maxwell et al.,4-7 
and the constant monomer partition coefficients. 

For the resolution of the set of nonlinear algebraic 
equations given in Appendix I, the algorithm pro- 
posed by Armitage et al.32 was used when the Mor- 
ton model was considered; the algorithm developed 

in Appendix I1 was employed when the Maxwell 
semiempirical equations were considered; and a 
technique inspired by the work of Omi33 was utilized 
for the case of constant partition coefficients. For 
the case of constant partition coefficients, the main 
improvement of the algorithm used in the present 
article is that the set of equations to be solved does 
not depend on the presence of monomer droplets in 
the system. Therefore, the presence of monomer 
droplets does not have to be systematically checked 
during the integration of the mathematical model 
and this leads to substantial computer time savings. 
The mathematical structure of the Maxwell model 
makes it necessary to check the presence of mono- 
mer droplets in the system prior to solving the 
monomer partition equations. This increases the 
computer time required. The algorithm developed 
by Armitage et al.32 for the case in which the equi- 
librium is described in terms of the Morton model 
allows the calculation of the monomer partitioning 
without checking the existence of monomer droplets 
in the system. Predictions of conversion and copol- 
ymer composition evolutions were made through 
mathematical models previously de~cribed.’~,~~ 

The Morton model provides the most complete 
description of the monomer partitioning; therefore 
it was assumed that the predictions calculated using 
this model represented the actual behavior of the 
emulsion polymerization system. The predictions 
obtained using the simpler models (Maxwell ap- 
proach and constant partition coefficients) were re- 
garded as approximations whose usefulness was 
given by the difference with the predictions of the 
Morton model. 

Most of the parameters involved in the Morton 
model were taken from the literature. The saturation 
swelling volume fractions included in the Maxwell 
equations were obtained from literature values.34 
The constant monomer partition coefficients were 
calculated from saturation data of the monomers in 
water and in the polymer  particle^.^^,^^ 

Batch Emulsion Polymerization 

BuA/St Copolymerization 

Figure 1 presents the comparison between the pre- 
dictions of the three models using the parameters 
and reaction conditions given in Table I for a recipe 
with a 30 wt % solids content, a seed/total monomer 
volumetric ratio of 0.1, and a BuA/St molar ratio 
equal to one. The predictions include the evolution 
of the instantaneous conversion of monomers A and 
B (xA, x B ) ,  the overall conversion ( x ) ;  and the cu- 
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Figure 1 Time evolution of the conversions and copolymer compositions calculated with 
the three partition models for the batch emulsion copolymerization of BuA/St with a 30 
wt % solids content and a seed/monomer ratio of 0.1. (-) Morton, ( - * .) Maxwell, and 
(- - -) constant partition coefficients. 

mulative ( Y A )  and instantaneous molar copolymer 
compositions ( YAPinst) referred to BuA. It can be seen 
that the changes in the evolution of both the con- 
versions and the copolymer compositions due to the 
monomer partition model fell within the experi- 
mental error. 

Figure 2 presents the effect of the solids content 
on the predictions of the three models. It can be 

seen that when the solids content increased, the time 
evolutions of conversions and copolymer composi- 
tions became independent of the partition model. 
On the other hand, for a 10% solids content, the 
predictions of the Maxwell model were close to those 
of the model using constant partition coefficients, 
but significantly different from the ones obtained 
with the Morton model. 

Table I 
BuA (A) and St (B) 

Parameters and Reaction Conditions Used in Simulations of Emulsion Copolymerizations of 

2.47 x 10' 

0.5 x 10-5 

5.61 X 10' 
34.00 

4.2 
3.2 
-0.31 
1 
0.35 

6 X 
4 
740 

lo-' 

1.13 x 10-3 

1.47 x 10-~ 

1.4 x 1017 

0.65 
0.975 

70 

570 

4.82 x 105 
2.10 x 10'2 
19.46 

3.6 
3.27 
-0.11 
1 
0.38 

0.4 

480 

10-7 

5.52 x 10-~ 
0.60 

1.23 X lo6 6.43 x lo5 
3.43 x 1010 
25.73 25.73 

0.26 0.42 

-0.25 0.20 
0.24 0.10 
0.31 0.42 

3.43 x 10'0 

1810 1080 

Note: The superscript numbers following the entries in the first column are reference numbers. 
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Figure 2 Effect of solids content on the predictions of the three monomer partition 
models for the batch emulsion copolymerization of BuA/St. (-) Morton, ( - - - ) Maxwell, 
and (- - -) constant partition coefficients. 

The effect of the seed/monomer ratio is presented 
in Figure 3, for a 30 wt % solids content. It can be 
seen that when the seed/monomer ratio was signif- 
icantly decreased, that is the polymerization con- 
ditions approached those of unseeded processes, the 
predictions of the Morton model differed from those 
of the other two models, which were close to each 
other. 

The simulations showed that for the batch seeded 
emulsion copolymerization of BuA and St, the pre- 
dictions are independent of the monomer partition 
model for high solids content systems (55 wt %). 
For medium solids content systems (30 wt %) the 
predictions were independent of the monomer par- 
titioning model when significant amounts of seed 

polymer were used (> lo%), but the predictions of 
the Morton model differed from those of the other 
two models when a small amount of seed was used. 
These differences were more acute for low solids 
content systems. In addition, the model based on 
constant partition coefficients gave almost the same 
predictions as those of the Maxwell model. 

VAc/MA Copolymerization 

Figure 4 presents the comparison between the pre- 
dictions of the three models using the parameters 
and reaction conditions given in Table I1 for a 30 
wt % solids content, a seed/total monomer volu- 
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Figure 3 Effect of the seed/monomer ratio on conversion and copolymer composition 
profiles predicted by the models of (-) Morton, ( - * - ) Maxwell, and (- - -) constant partition 
coefficients in the batch emulsion copolymerization of BuA/St (30 w t  % solids content). 

metric ratio of 0.085, and a molar monomer ratio 
equal to one. It can be seen that the curves of xA, 
XB,  x ,  YA, and Y*,kst obtained with the three different 
monomer partition models were practically identical. 

The effect of solids content on the predictions of 
the three models is presented in Figure 5. It can be 
seen that for high solids content, both the conver- 
sions and copolymer compositions were independent 
of the monomer partition model. For low solids con- 
tent, the conversion curves depend slightly on the 
partition model, but the composition vs. conversion 
profiles were independent of the partition model at 
all solids contents. 

The effect of the seed/monomer ratio is presented 
in Figure 6 for a 30 wt % solids content. It can be 

seen that for the high seed/monomer ratio, the pre- 
dicted copolymer composition and conversion pro- 
files were independent of the monomer partition 
model. On the other hand, for the low seed/monomer 
ratio the predictions of the Morton model differed 
from those of the other two models. In addition, the 
predictions obtained by means of the constant par- 
tition and Maxwell models were very similar. 

VAc/BuA Copolymerization 

Figure 7 shows the results obtained with the three 
monomer partition models using the parameters and 
reaction conditions given in Table I11 for a 30 wt % 
solids content, a seed/total monomers volumetric 
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Figure 4 Time evolution of the conversions and copolymer compositions calculated with 
the three partition models for the batch emulsion copolymerization of VAc/MA with a 30 
wt % solids content and a seed/monomer ratio of 0.085. (-) Morton, ( - * - ) Maxwell, and 
(- - -) constant partition coefficients. 

ratio of 0.05, and a molar monomer ratio equal to 
one. It can be seen that the monomer partitioning 
model had only a limited effect on both the conver- 
sion and copolymer composition profiles. 

Figure 8 presents the effect of the solids content 

on the conversions and copolymer composition. It 
can be seen that the higher the solids content the 
more similar were the predictions of the copolymer 
composition of the Morton model and those of the 
other two models. Simulations carried out varying 

Table I1 
and MA (B) 

Parameters and Reaction Conditions Utilized in Emulsion Copolymerizations of VAc (A) 

0.23 x lo7 

0.40 x 103 
0.58 x 10-~ 

0.29 X 10" 

3.20 
8.65 
0.63 
1 
0.38 

0.006 
4 
37 
0.0268 
0.85 
0.416 
0.314 X 
50 

185 

10-~ 

1 x 10i7 

0.21 x lo7 0.23 X lo8 0.23 X lo6 
0.95 X 10'' 0.19 x 10" 0.19 x 10" 
0.20 x 1 0 2  0.60 X 10' 0.20 x 102 

2.97 -0.139 -0.126 
4.37 
0.32 -0.098 0.090 
1 -1.703 -0.471 
0.507 0.706 0.398 

0.6 
10-5 

31 
0.0589 
0.85 

17 14 

Note: The superscript numbers following the entries in the first column are reference numhers. 
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Figure 5 
models for the batch emulsion copolymerization of VAc/MA. (-) Morton, ( - 
and (- - -) constant partition coefficients. 

Effect of solids content on the predictions of the three monomer partition - ) Maxwell, 

the amount of seed showed that the predictions of 
the three models for solids contents greater than 30 
wt % agreed reasonably well for seed/monomer ra- 
tios in the range of 0.03-0.15. 

St/MA A Copolymerization 

Table IV shows the reaction conditions and param- 
eter values used in the simulations of batch seeded 
emulsion copolymerization of St and MMA. The 
recipe included a solids content of 30 wt %, a seed/ 
total monomer volumetric ratio of 0.05, and a 

monomer molar ratio (St/MAA) equal to 3.3. Figure 
9 presents a comparison of the copolymer compo- 
sitions predicted by the Morton model and those 
obtained with constant partition coefficients. The 
Maxwell model was not used because it is only valid 
for monomers of limited solubility in water, and 
MAA is completely soluble in water. It can be seen 
that the predictions differed significantly. This dif- 
ference decreased slightly when the solids content 
and the seed/monomer ratio increased to 55 and 0.15 
wt %, respectively, but even in this case the dis- 
crepancies were large enough to discourage the use 
of constant partition coefficients. 
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Figure 6 Effect of the seed/monomer ratio on conversion and copolymer composition 
profiles predicted by the models of (-) Morton, ( - * * ) Maxwell, and (- - -) constant partition 
coefficients in the batch emulsion copolymerization of VAc/MA with a 30 wt % solids 
content. 

Semicontinuous Emulsion Polymerization Under 
Starved Conditions 

BuA/St Copolymerization 

Figure 10 presents the evolution of the instanta- 
neous conversion and the instantaneous copolymer 
composition calculated with the three monomer 
partition models using the parameters and reaction 
conditions in Table I, and a total volumetric feed 
rate of 0.5 X lop2 cm3/s for different solids contents. 
It can be seen that the evolution of the conversion 
predicted by the Morton model was different from 
those predicted by the other two models, which were 

similar. The difference between the Morton model 
and the other models was within the experimental 
error for high solids contents (55 wt W )  but signif- 
icant a t  low solids contents (10 wt W ) .  In addition 
the greater the amount of initial seed, the lower the 
difference between the predictions of the different 
models. 

VA c/MA Copolymerization 

Figure 11 shows the effect of both the solids content 
and monomer partition model on the simulated re- 
sults of the instantaneous conversion and instan- 
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Figure 7 Time evolution of the conversions and copolymer compositions calculated with 
the three monomer partition models for the batch emulsion copolymerization of VAc/BuA 
with a 30 w t  % solids content and a seed/monomer ratio of 0.05. (-) Morton, ( *  * .) 
Maxwell, and (- - -) constant partition coefficients. 

taneous copolymer composition obtained under ferences were found for 10 wt % solids content. In 
starved conditions, using the parameters and op- addition, Figure 11 shows that, in contrast with the 
erating conditions given in Table 11, and a total vol- results obtained for the batch process, the predic- 
umetric feed rate of 0.3 X lo-' cm3/s. It can be seen tions of the Maxwell model were better than those 
that the predictions of the three models were close of the partition coefficients model. This difference 
for 55 wt  5% solids content, whereas substantial dif- was due to the fact that, in agreement with the ex- 

Table I11 Parameters and Reaction Conditions Used in Simulations of Emulsion Copolymerizations of 
VAc (A) and BuA (B) 

0.23 x 107 

0.4 x 103 
0.29 X 10" 

0.613 X 
2.1 
5.6 
0.63 
1 
0.37 

0.006 
4 
37 
0.0268 
0.85 
0.654 

92.4 

348 

1 x 10-7 

0.907 x 10-3 

1.9 x 10'6 

0.126 X lo6 
0.625 X lo6 
0.34 X lo2 

4.2 
3.2 
-0.31 
1 
0.35 

0.5 

31 
0.001352 
0.65 

1 x 10-5 

0.635 X 10' 
0.135 X lo9 
0.34 X lo2 

0.15 

0.67 
-1.703 
0.36 

740 

0.198 x lo5 

0.4 x 103 
0.135 X lo9 

0.45 

-2.03 
0.237 
0.46 

480 

Note: The superscript numbers following the entries in the first column are reference numbers. 
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Figure 8 Effect of solids content on the predictions of the three monomer partition 
models in the batch emulsion copolymerization of VAc/BuA. (-) Morton, ( - - * ) Maxwell, 
and (- - -) constant partition coefficients. 

perimental r e s ~ l t s ~ , ~ , ~ ~ - ~ ~  and the estimations of the 
Morton model, the Maxwell model predicts that the 
monomer partition coefficients between the polymer 
particles and aqueous phase decrease when the 
polymer volume fraction in the polymer particles 
increases in the absence of monomer droplets, 
whereas they remain unchanged in the monomer 
partition coefficients model. Therefore, when the 
latter model is used under starved conditions (high 
polymer volume fractions in the polymer particles), 

the concentration of the monomers in the polymer 
particles is overestimated and hence the polymer- 
ization rate is higher and the copolymer more ho- 
mogeneous than for the other two models. 

VAc/BuA Copolymerization 

Figure 12 presents the effect of both solids content 
and monomer partition model on the instantaneous 
conversion and instantaneous copolymer composi- 

Table IV 
St (A) aand MAA (B) 

Parameters and Reaction Conditions Utilized in Simulations of Emulsion Copolymerizations of 

k p u ,  k p B B I  k p A ~ ,  kpBA (cm3/mol s Y 5  9.0 x lo5 1.59 x lo7 3.6 X lo6 2.89 x lo7 
h, ~ B B ,  ~ A B ,  k B A  (cm3/mol s ) I 5  2.5 X 10" 1 x 10'0 5 x 10'0 5 x 10'0 

XAW, X B W  9 XAB t x B A I 5  8.07 7.85 2.98 2.20 

hut k f B B ,  ~ A B ,  kfBA (cm3/mol sY5 67.5 397.5 39.75 6.75 
kI (s-')'~ 1.147 X 

X W A ,  X W B l 5  7.27 1.67 
(1 - m A W ) ,  (1 - m B W ) ,  (1 - m A B ) ,  (1 - m B A ) I 5  -0.11 -3.707 -0.357 0.263 
(1 - m A P ) ,  (1 - m B P ) ,  (1 - m W A ) ,  (1 - m W B ) 1 5  1 1 0.099 0.787 
X A P ,  XBP" 0.35 3 
Dw, Dp (~m'/s) '~ lo-? 10-~ 

u (dyne/cm)I5 4 
ki , & ,34,38 k$ , k2 1800 1200 

F, f l5 0.006 0.6 

A' (moles) 1.535 
I' (moles) 0.135 X lo-' 
d i  (nm) 28 
N P  1 x 10'8 
W (cm3) 494 

6 3.6 

Note: The superscript numbers following the entries in the first column are reference numbers. 
a Average estimated  value^."^' 
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Figure 9 Comparison between the copolymer compo- 
sition evolution predicted by the Morton model and that 
calculated using constant monomer partition coefficients 
for the batch emulsion copolymerization of St/MAA. 
(-) Morton and (- - -) constant partition coefficients. 

tion calculated using the parameters and reaction 
conditions given in Table 111, and a total feed rate 
of 0.1 X loT3, for the semicontinuous emulsion co- 
polymerization of VAc and BuA, under starved con- 
ditions. It can be seen that the predictions of the 
three models were close to each other for a 55 wt ?& 
solids content, whereas substantial differences were 
found for 10 wt ?& solids content. In addition, the 
predictions of the Maxwell model were better than 
those of the partition coefficients model. 

St/MAA Copolymerization 

Figure 13 presents the effect of both solids content 
and the monomer partition model on the simulated 
results of the instantaneous conversion and instan- 
taneous copolymer composition obtained under 
starved conditions for the semicontinuous emulsion 
copolymerization of St and MMA. The reaction 
conditions and the values of the parameters given 
in Table IV, a total volumetric feed rate of 0.5 X lo-' 
cm3/s and a molar ratio equal to 3.3, were used in 
the calculations. The Maxwell model was not used 
because it cannot be applied to completely water 
soluble monomers. Figure 13 shows that the predic- 
tions obtained using constant partition coefficients 
agreed quite well with those of the Morton model 
at high solids content, but that significant differ- 
ences between the predictions of these models were 
found for low solids contents. 

The greater the amount of seed, the lower the 
differences between the estimations of the different 
partition models. In addition, the more starved the 
process, the smaller the differences between the 
models. This means that the differences are reduced 
by increasing initiator and emulsifier concentrations 
and by decreasing the monomer feed rate. 

Semicontinuous Optimal Semistarved Emulsion 
Polymerization 

This process refers to a minimum-time optimal pol- 
icy for copolymer composition In or- 
der to apply this policy, the monomer feed rates have 
to be calculated in advance. In the present work, the 
approach proposed by Arzamendi et a1.13,17,29,30 was 
used. This approach is not described here and the 
reader is referred to other s t ~ d i e s ' ~ ~ ' ~ ~ ~ ~ ~ ~ ~  fo r the de- 
tails of the calculations. Because there is no interest 
in using this approach for low solids contents, sim- 
ulations were carried out only for medium and high 
solids contents. 

As explained previously, the Morton model was 
assumed to represent the actual behavior of the 
emulsion polymerization system. The comparison 
between this model and the simplified ones, namely 
the Maxwell and constant monomer partition coef- 
ficients models, was carried out as follows. First, the 
monomer feed rates were calculated by means of the 
approach of Arzamendi et a1.13,17,29,30 and using the 
three monomer partitioning models. Then, poly- 
merizations using these monomer feed rates were 
simulated for the actual emulsion polymerization 
system, that is for that described by the Morton 
model. The monomer feed rates calculated by the 
Morton model will give the desired copolymer com- 
position, but deviations from the desired value are 
expected to occur when the monomer feed rates cal- 
culated by means of the simplified monomer parti- 
tioning models are used. These deviations will pro- 
vide a measure of the suitability of the simplified 
models. 

BuA/St Copolymerization 

Figure 14 presents the St feed rate profiles obtained 
with the different partition models, and the time 
evolution of the instantaneous copolymer compo- 
sition referred to BuA calculated as described above 
for the recipe given in Table I. It can be seen that, 
due to the differences observed in the feed rate pro- 
files and initial charges of St, the instantaneous co- 
polymer compositions obtained using the monomer 
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Figure 10 Effect of solids content on the evolution of the instantaneous conversion and 
the instantaneous copolymer composition calculated using the three monomer partition 
models for the semicontinuous emulsion copolymerization of St/BuA under starved con- 
ditions. (-) Morton, ( - - - ) Maxwell, and (- - -) constant partition coefficients. 

feed rates calculated with the Maxwell model and 
the constant monomer partition coefficients model 
deviated from the desired value. Nevertheless, the 
influence of the monomer partition model on the 
cumulative copolymer composition is much less and 
close to the experimental errors associated with the 
determination of the cumulative copolymer com- 
position by a standard technique such as NMR. The 
effect of the monomer partition model decreased 
when solids content increased. 

VAc/MA Copolymerization 

Figure 15 presents the MA feed rate profiles obtained 
with the three partition models, and the time evo- 
lution of the instantaneous copolymer composition 
referred to VAc for a 30 wt % solids content recipe 
(Table 11). It can be seen that the monomer partition 
model had a limited effect on the instantaneous co- 
polymer composition. This effect is even lower for 
the cumulative copolymer composition and for 
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Figure 11 Effect of solids content and monomer partition model on the simulated results 
of the instantaneous conversion and instantaneous copolymer composition in the semi- 
continuous emulsion copolymerization of VAc and MA under starved conditions. (-) Mor- 
ton, ( - * e ) Maxwell, and (- - -) constant partition coefficients. 

higher solids contents. It is interesting to compare 
the effect of the monomer partition model on the 
copolymer composition for the starved and semi- 
starved processes. Under starved conditions, the 
predictions of the model using constant partition 
coefficients were significantly different from those 
obtained with the Morton model. Smaller differences 
were found between the Maxwell and Morton models 
(Fig. 11). Figure 16 shows the reasons for the dif- 
ferences between the starved and semistarved pro- 
cesses. In this figure, the effect of the polymer vol- 
ume fraction in the polymer particles, &, on the 

monomer partition coefficient is presented. It can 
be seen that the differences in the predictions of the 
three models increased when 4; increased. The 
starved process proceeds at high 4; values and hence 
the differences between the predictions of the models 
were larger than for the semistarved process in which 
4; is low. 

VA c/BuA Copolymerization 

The results were similar to those presented for the 
VAc/MA emulsion copolymerization system, 
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Figure 12 Effect of solids content and monomer partition model on the simulated results 
of the instantaneous conversion and instantaneous copolymer composition calculated for 
the semicontinuous emulsion copolymerization of VAc and BuA under starved conditions. 
(-) Morton, ( - a )  Maxwell, and (---) constant partition coefficients. 

namely, the monomer partition model had almost 
no effect on the instantaneous copolymer compo- 
sition (Fig. 17). 

St/MAA Copolymerization 

Figure 18 shows that the instantaneous copolymer 
composition calculated with constant monomer 
partition coefficients deviated significantly from the 
desired value. Those differences increased when the 
solids content was decreased. 

An interesting result found was that arbitrarily 
varying the reactivity ratios for a given system, the 

larger the difference in reactivity ratios, the lesser 
the effect of the monomer partitioning system. This 
result was independent of the water solubilities of 
the monomers. 

CONCLUSIONS 

In this article, a criterion for the choice of the 
monomer partition model in mathematical modeling 
of emulsion copolymerization systems was devel- 
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Figure 13 Effect of solids content and monomer partition model on the simulated results 
of the instantaneous conversion and instantaneous copolymer composition calculated for 
the semicontinuous emulsion copolymerization of St and MAA under starved conditions. 
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Figure 14 Volumetric feed rate profiles of St and time evolution of the copolymer com- 
position for the 30 wt % solids content semistarved copolymerization of BuA and St. (-) 
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Figure 15 Volumetric feed rate profiles of MA and time evolution of the copolymer 
composition for the 30 wt % solids content semistarved copolymerization of VAc and MA. 
(-) Morton, ( * * ) Maxwell, and (- - -) constant partition coefficients. 

oped. Seeded emulsion copolymerizations of four 
monomer systems with a wide variety of reactivity 
ratios and water solubilities were simulated using 
monomer partition models of different complexity. 
The simulations included different processes (batch, 
semicontinuous under starved conditions, and 
semicontinuous optimal semistarved), solids con- 
tents, and amounts of seed. These simulations al- 
lowed the recommendations presented in Table V 
to be elaborated. The recommendations were made 

40 

k AP 
30 

20 

10 

0 

on the basis of choosing the simplest but sufficiently 
accurate model. 

Batch Emulsion Copolymerizations 

The Morton model must be used in the case of low 
solids content polymerizations, unseeded medium 
solids content systems, or when completely water 
soluble monomers are included in the reaction rec- 
ipe. Constant partition coefficients are adequate for 

0.5 0.6 0.7 0.8 0.9 1.0 0.5 0.6 0.7 0.8 0.9 1.0 
0; 3" 

Figure 16 
(-) Morton, ( - - - ) Maxwell, and (- - -) constant partition coefficients. 

Partition coefficients calculated by the three models for the VAc/MA system. 
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Figure 17 Volumetric feed rate profiles of BuA and cut the time evolution of the co- 
polymer composition for the 30 wt % solids content semistarved copolymerization of VAc 
and BuA. (-) Morton, ( - * * ) Maxwell, and (- - -) constant partition coefficients. 

medium solids content seeded polymerizations and 
high solids content seeded and unseeded systems. 

Semicontinuous Emulsion Copolymerizations 
Under Starved Conditions 

The Morton model is recommended for low solids 
content recipes. The Maxwell model gives good re- 
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sults for medium solids contents, and this model or 
the model of constant partition coefficients can be 
used for high solids content polymerizations. 

Semicontinuous Optimal Semistarved Emulsion 
Copolymerizations 

The Morton model must be used when completely 
water soluble monomers are included in the poly- 
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Figure 18 Volumetric feed rate profiles of MAA and time evolution of the copolymer 
composition for the 30 wt % solids content semistarved copolymerization of St and MAA. 
(-) Morton and (- - -) constant partition coefficients. 
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Table V Summary of Monomer Partition Models Recommended 

Monomer Water Solids Content Seed/Monomer Recommended Monomer 
Process Solubility (%) Ratio Partition Model 

Batch Total - - Morton 
Partial 10 - Morton 

Morton 30 < 0.10 
30 > 0.10 Constant partition coefficients 
55 > 0.03 Constant partition coefficients 

Starved - 10 - Morton 
Total 30-45 - Morton 
Partial 30-45 - Maxwell 
- 55 - Constant partition coefficients 

Partial > 30 - Constant partition coefficients 
Semistarved Total - - Morton 

merization recipe. For partially water-soluble 
monomers, the model of constant partition coeffi- 
cients provides good enough results. 

The financial support by the CICYT (Grant MAT 91- 
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the scholarship from the CONICET (Consejo Nacional 
de Investigaciones Cientificas y TBcnicas, Repcblica Ar- 
gentina) and the grant from the Diputaci6n Foral de Gi- 
puzkoa. 

NOMENCLATURE 

Monomers A and B, respectively (rnol). 
Monomers A and B initially charged into 

the reactor (mol). 
Initial unswollen polymer particle diameter 

(nm). 
Diffusion coefficient of the single-unit rad- 

icals in the monomer swollen polymer 
particles (cm2/s). 

Diffusion coefficient of the radicals in the 
aqueous phase (cm2/s). 

Efficiency factor for initiator decomposi- 
tion. 

Radical capture efficiency. 
Molar free energy of monomer i in the 

Monomer concentration of monomer i in 

Moles of initiator initially charged into the 

Monomer chain transfer constant (cm3/ 

phase j (J/mol). 

the phase j (mol/cm3). 

reactor (rnol) . 

mol s ) .  

Rate constant of initiator decomposition 

Partition coefficient of monomer i between 

Propagation rat5 constant (cm3/mol s ) .  
Termination rate constant (cm3/mol s) .  
Ratio of the equivalent number of segments 

Avogadro's number. 
Total number of polymer particles. 
Volumetric feed rate of monomer B (cm3/ 

Reactivity ratios. 
Radius of phase j (cm). 
Gas constant [J/(mol K ) ] .  
Polymerization rate of monomer i (mol/s). 
Absolute temperature ( K ) .  
Molar volume of monomer i (cm3/mol). 
Total volume of free monomer i (cm3). 
Total volume of phase j (cm3). 
Total volume of monomer i in the j phase 

Total volume of polymer in the latex (cm3). 
Total volume of water (cm3). 
Overall molar conversion. 
Instantaneous conversion of monomer i. 
Cumulative molar copolymer composition 

(moles of monomer A in the copolymer/ 
moles of monomers A and B in the co- 
polymer). 

Instantaneous molar copolymer composi- 
tion [moles of monomer A instanta- 
neously incorporated to the copolymer/ 
moles of monomer A and B instanta- 
neously incorporated to the copolymer; 

(S-l). 

the phase j and aqueous phase. 

of the components i and k. 

S ) .  

( cm3). 
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Greek Symbols 

Volumetric fraction of component i in the 
phase j .  

Volumetric fraction of component i in the 
aqueous phase under saturation condi- 
tions for a single monomer. 

Volumetric fraction of component i in the 
aqueous phase under saturation condi- 
tions with two monomers. 

Volumetric fraction of the species i in the 
particles of homopolymer i swollen with 
a single monomer under saturation con- 
ditions. 

Volumetric fraction of the species i in 
swollen particles of copolymer under 
saturation conditions. 

Interfacial tension (dyne/cm). 
Interaction parameter between species i 

Interaction parameter of monomer i with 
and k. 

homopolymer j .  

APPENDIX I: MODELS FOR ESTIMATION 
OF MONOMER CONCENTRATIONS IN 
DIFFERENT PHASES 

For the prediction of the monomer concentrations 
in the different phases the overall material balances 
for the monomers have to be solved together with 
the equilibrium equations. 

Assuming that both the volume change by mixing 
and the solubility of water in the monomer and 
polymer phases are negligible, the overall material 
balances (or volume balances) can be written as fol- 
lows: 

Vi = Vp+ Vp+ Vr i =  A,B (A.l) 

(A.2) 

64.3) 

64.4) 

where Vi is the total volume of monomer i; Vy, Vy 
and Vp are the total volumes of monomer i in mono- 
mer droplets, aqueous phase, and polymer particles, 
respectively; V", VP, and Vd represent the total vol- 
umes of aqueous phase, polymer particles, and 
monomer droplets, respectively; W is the total vol- 
ume of water; and Vpol the total volume of polymer. 

The equilibrium equations depend on the model 
used. The following three models were used in the 
present work. 

V" = W +  vz + v; 
v p  = va + v; + vpo, 
V d  = v$ + v$ 

Morton Extension of Flory-Huggins Theory'-3 

The thermodynamic equilibrium is reached when 
the partial molar free energy of each monomer is 
equal in each of the three phases. Under these con- 
ditions, the following relationships can be written: 

Aqueous phase (w) - monomer droplets (d) 

Polymer particles (p) - aqueous phase (w) 

where the partial molar free energy of each monomer 
in the different phases can be calculated as f01lows.~ 

n-1 n 2aui + 2 2 $ $ d ( x i k  + xil - X k l m i k )  + - 
k = l # i  I=k+l#i  rjRT 

i = A,B and j = d,p, w (A.7) 

where 4: is the volume fraction of monomer i in 
phase j ,  mik the ratio of the equivalent number of 
segments of components i and Iz; ui the molar volume 
of monomer i; rj the radius of phase j ;  a the interfacial 
tension; R the universal gas constant; T the absolute 
temperature; and X i k  the interaction parameter. The 
interaction parameter of monomer i with the co- 
polymer is calculated as follows: 

where x,, is the interaction parameter of monomer 
i with homopolymer j and Y A  the cumulative molar 
composition of A in the copolymer. 

Maxwell et al?' Semiempirical Equations 

Intervals I and II (Vd > 0) 

For the case in which there are droplets in the sys- 
tem, Maxwell proposed the following relationship, 
here expressed in terms of volumes, to describe the 
equilibrium between phases of partially water sol- 
uble monomers: 

Aqueous phase (w) - monomer droplets (d) 

V" 
VF = V$p&t i = A, B. (A.9) 
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Polymer particles (p) - monomer droplets (d) 

where 4Ysat is the volumetric fraction of monomer i 
(i = A, B) in the aqueous phase under homosatur- 
ation conditions and &sat and &at the volumetric 
fractions of monomers A and B in particles of ho- 
mopolymers A and B under homosaturation con- 
ditions, respectively. Here, homosaturation refers to 
the saturation when the polymer particles are swol- 
len with a single monomer. 

interval Iii (vd = 0) 

In the absence of monomer droplets, the equations 
proposed by Maxwell et al.4-79'09" can be written as 
follows: 

where &'sat, &sat, and @bysat are volumetric fractions 
of A, B, and polymer in the copolymer particles un- 
der saturation conditions, respectively; and &&at and 

the volumetric fractions of monomers A and 
B in water under saturation conditions. In both cases 
the swelling is carried out with a mixture of two 
monomers. 

Constant Partition Coefficients 

In this case, the equilibrium is described through 
partition coefficients that are considered constant 
throughout the reaction and defined by: 

kj . = - '' i = A,B and j = p, d (A.14) 
' 47 

(A.15) 

APPENDIX 11: ALGORITHM T O  
CALCULATE MONOMER DISTRIBUTION 
BETWEEN PHASES USING MAXWELL 
SEMIEMPIRICAL EQUATIONS 

The models described in Appendix I consist of a set 
of nonlinear algebraic equations. They can be solved 

by means of a general purpose algorithm such as the 
Newton-Raphson method. However, the use of spe- 
cific algorithms provides substantial computer time 
savings. Therefore, in this work, the method pro- 
posed by Armitage et al.32 was used when the equi- 
librium was described by the Morton model and a 
variation of the method due to Omi33 was used when 
the constant partition coefficients model was uti- 
lized. In the following a method is proposed to de- 
scribe the equilibrium between the phases when the 
Maxwell equations are used. 

Intervals I and II (V, > 0 )  

Equations (A.l-A.4) and (A.9-A.11) of Appendix I 
are a set of nine equations with nine unknowns 
V i ,  Vg, V i ,  V$, Vx, Vg, V", VP, and Vd). Substi- 
tuting Eqs. (A.9) and (A.lO) into Eq. (A.l) for i = A, 
the following expression can be obtained 

t 4c) 1'2 (A.16) 

with 

b =  (A.17) 
Vp(&,sat - &,sat) 

(A.18) 

Similarly, substitution of Eqs. (A.9) and (A.ll) in 
(A.l) for i = B, gives: 

v",--+- (d2  + 4e)'I2 
2 - 2  

with 

(A.19) 

d =  (A.20) 
VP(&,sat - 4 i , s a t )  

v, vd2 
Vp(&,sat - +:,sat) * 

e =  (A.21) 

Note that the positive root must be utilized in 
Eq. (A.16) and the negative one in Eq. (A.19) if 
&,sat > &,mt; and conversely if &sat < &,sat. On the 
other hand, when &sat = cp&sat, Eqs. (A.lO) and 
(A.ll) must be replaced by: 
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(A.23) 

Combination of Eqs. (A.22), (A.23), and (A.l) 
gives: 

Equations (A.24) and (A.25) should be used in- 
stead of Eqs. (A.16) and (A.19) when &,sat = &,sat. 

The following algorithm, based on previous equa- 
tions, is proposed in order to calculate monomer 
volumes in each phase: 

1. 
2. 

3. 

4. 
5. 

6. 

Guess initial values of Vd, Vp, and V". 
Calculate V i  and V$ from Eqs. (A.16) and 
(A.19) [or Eqs. (A.24) and (A.25) when 

Calculate V i  and Vg using Eqs. (10-11)) [or 
Eqs. (A.22) and (A.23) when 4 g s a t  = &,sat]- 

Calculate VE and Vg with Eq. (A.9). 
Calculate V", Vp, and Vd from Eqs. (A.2)- 
(A.4). 
Repeat steps 2-5 until convergence in V", 
Vp, and Vd is reached. 

$;,sat = &,satI- 

Interval 111 (vd = 0)  

Equations (A.l)-(A.3) with Vp = 0 and eqs. (A.12) 
and (A.13) of Appendix I are a set of six equations 
with six unknowns (Vz,  V;, Vx, Vg, Vp, and V"). 
Substituting Eq. (A.12) into Eq. (A.l) with i = A 
and rearranging, the following equation results: 

Similarly for Vg 

The following algorithm of direct substitution was 
used to calculate the monomer volumes in the two 
phases: 

1. Guess initial values of Vp and V". 
2. Calculate V i  and Vg from Eqs. (A.26) and 

(A.27). 
3. Calculate VZ and VE using Eqs. (A.12) and 

(A. 13). 
4. Calculate V" and Vp with Eqs. (A.2) and 

(A.3). 
5. Repeat steps 2-4 until convergence in V" and 

VP is obtained. 

Equations (A.12) and (A.13) include a correction 
term that is calculated from saturation concentra- 
tions in aqueous and polymeric phases. The correc- 
tion term ensures the continuity in the evolution of 
monomer concentrations. In practice, when mono- 
mer droplets are present a t  the beginning of reaction, 
good results are obtained choosing 4:Psat = 4:; ud 
= 0 and = c$?; ud = 0. On the other hand, when 
monomer droplets are absent a t  the beginning of 
polymerization, experimental information of (Pipsat 
and c $ J ~ ~ , ~ ~ ~  is required, or should be estimated from 
homosaturation volumetric fractions? 
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